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Gossip algorithms
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Switching systems
z(t+1) = Aox(t)

r(t+1) = Ax(t)

Point-to-point Given X, and X, is there a product (say, A, A, A; A, ... A;) for
which x«=Ay Ag Ay Ag ... Ay X,?

Mortality Is there a product that gives the zero matrix?

Boundedness Is the set of all products {A,, A, AjAy AsA4, ...+ bounded?



Switching systems
z(t+1) = Aox(t)
r(t+1) = Ax(t)

Global convergence to the origin Do all products of the type
Ay Ag A A, ... A; converge to zero?

The spectral radius of a matrix A controls the growth or decay of powers of A
A) = lim ||Af|[1/*
p(4) = lim []A°]

The powers of A converge to zero iff ~ p(A) < 1

The joint spectral radius of a set of matrices X is given by

p(2) = lim max |[A14s ... A

t—roo 4,62

All products of matrices in . converge to zero iff p(>) < 1

[Rota, Strang, 1960]
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Switching systems stability
(a.k.a. ISR computation)

The CQLF method (Common Quadratic Lyapunov Function)

inf, cp+ r
s.t. Every x in S is mapped in
ATPA < 2P VYAeY N the scaled ellipsoid rS:
—_ 7
P ~ 0.

This is an LMI, aka Semidefinite
Program )

N




The CQLF method

e Theorem Forall £ = (0 there exists a norm such that

VA e X, Vo, |Az| < (p+¢€)|r|  [Rotastrang, 60]
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e\We can approximate / /WE
the unit ball of an )
extremal norm with

an ellipsoid




Yet another LMI method

e A strange semidefinite program

min, g+ r

S.t.

ATPiA, < r2P,

A({PzAl j "?"2P1:,

P - 0.

p<r
[Goebel, Hu, Teel 06]
e Butalso... [Daafouz Bernussou 01]

[Bliman Ferrari-Trecate 03]
[Lee and Dullerud 06] ...



Yet another LMI method

e An even stranger program:

min,.cp+

S.t.

Al PA,

(A A1) T P(AsA})
(A3)TP(A3)

P

) <

Y TATATA

"T‘2 P
rt P,
"T‘4 P,,

[Ahmadi, J., Parrilo,
Roozbehanil0]



Yet another LMI method

e (Questions: @

— (Can we characterize all the LMIs that work, in a unified
framework?

— Which LMIs are better than others?
— How to prove that an LMI works (i.e. is a valid criterion)?

— (Can we provide converse Lyapunov theorems for more
methods?

1
2/

px < p < p




From an LMI to an automaton

e Automata representation: Given a set of LMIs, construct an automaton like

this: A

Theorem: If G is path-complete, the correspondlng
Min, semidefinite program is a sufficient condition for stablllty

3.t.
AtpPA < P, /\ 4
P, _—

o Definition: A labeled graph (with label set A) is path-complete if for any
word on the alphabet A, there exists a path in the graph that generates
the corresponding word.

[Ahmadi J. Parrilo Roozbehani 14]



Some examples

e Examples: Ay
T =
AQ&I
A.
E Ag A,
— Example 1 ~—

<®
©
N

A
This type of graph gives a max-of-quadratics
Lyapunov function (i.e. intersection of ellipsoids)

- le 2 L !
Example ] 3
_d. +-:

Invariant set unclear... CL_):

A7 A,




An obvious question: are there other

+ Theorem valid criteria?
AZ 4 min?"ER"‘ r
/-\ L 8.1,
&= <o
\/ Agﬂﬂz = TQPQ:
A ATP A, =< 2P,
P, ~ 0

Path complete Sufficient condition
for stability

If G is path-complete, the corresponding semidefinite program is a
sufficient condition for stability.

e Are all valid sets of equations coming from path-complete graphs?

e ...or are there even more valid LMI criteria?



Are there other valid crlterla?

Ay A MiN,.-p+ T
/\ 1] . t
< > AT PA < P,
\/ AgPlﬂg j TQPQ?
Ay AT PRA, =< P,
F; — 0

Sufficient condition
for stability

Path complete ”

e These results are not limited to LMIs, but apply to other families of
Lyapunov inequalities



Are there other valid crlterla?

Ay A, MiN,.-p+ T
\-/ AgPlﬂg j TQPQ?
Ay AT PRA, =< P,
P, = 0

Proof:
« Consider a given graph which is NOT path-complete

« Show that one may construct an ad-hoc set of matrices which satisfies the
inequalities (that is, provide the solution)...

e ...which however is unstable
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Further results 1: constrained
swiching systems ___

o =1001...
o(0) =1 x(1) = Ax(0) + Bu(0) Example: Wireless
o(1) =0 r(2) = A%2(0) + ABu(0) control networks
0(2) =0 r(3) = A%2(0) + A2 Bu(0)
g(3)=1

r(4) = A*2(0) + A*Bu(0) + Bu(3)
Often, one can make assumptions on the switching signal

e.g.: The switching signal is constrained by an automaton

Example:
Bounded number of

consecutive dropouts (here, 3) < >

SOWO
&%

All the results generalize to the constrained case!



Further results 2: equivalent common
Lyapunov Function

e Examples: Ay
@
A;(\J
A.
E Ag A,
— Example 1 ~—

<®
©
N

A
This type of graph gives a max-of-quadratics
Lyapunov function (i.e. intersection of ellipsoids)

o A4
— Example ¢
P 4_1::

This type of graph gives a common | C@D
Lyapunov function for a generating L)

set of words
As Ay







Further results 2: equivalent common
Lyapunov Function

* Theorem Every path-complete criterion implies the existence of a Common
Lyapunov function. This Lyapunov function can be expressed analytically as

the minimum of maxima of the quadratic functions.
[Angeli Athanasopoulos Philippe J., 2017]

Min, g+

s.1.

Ay PiA; = b W{Cd} min max V(x)

A%” Pl A2 i ‘ ? Tyeens Sk g { 1,..., P} sE Sl

AT P A, = a " IsaCommon Lyapunov
. ‘unction for some sets Si

P ~

e Proof based on the observer automaton
(cfr Cassandras-Lafortune)




Further generalizations (3)

Stability Monotonicity | c
< D
Joint work with F. Forni, R. Sepulchre
Stability Controller design
D

Ax(t) Hbu(t)] if o(t) =1,
z(t+1) = {Ax%t%f " ifggt% _0
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SAMSA

Series, Automata, Matrices, Symbolic dynamics, and their Applications

e Theorem Forall £ = (0 there exists a norm such that

VA € Y,Vr, |Az| < (p+€)|x|  [RotaStrang, 60]

e\We can approximate F
the unit ball of an
extremal norm with
an ellipsoid

v




Standing on Giants shoulders

Symbolic dynamics

4

Stephen Smale
1930- ;
Fields Meds| 1966
Wolf prize 2007

Gustav Hedlund Marston Morse f

1904-1993 1892-1977
Marston Morse et Gustav A. Hedlund (1938), « Symbolic dynamics », Amer. J. Math, .. 60, 0 4, o
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Path-complete methods are
‘algorithmic symbolic dynamics’

e Examples: A
~ CQLF N X X
@) >
Ao

Example 1 /AZ\. <y
— Example
@@
Al

This type of graph gives a max-of-quadratics
Lyapunov function (i.e. intersection of ellipsoids)




Path-complete methods are
‘algorithmic symbolic dynamics’

e Path-complete Lyapunov Functions provide a ‘covering’ of
the whole set of possible dynamics

N &
— <11
S\

— Example 1 ~—0
/ fh /
Words Words
ending ending
with A2 with Al
end in end in
Ellipsoid 2 Ellipsoid 1
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Conclsion: a perspective on switching systems

=7 Ry Ty ,
[Furstenberg Kesten, 1960] [Gunvits, o : ‘
1995] [Kozyakin, [Daafouz [Rantzer Johansson
1990] 1998]

Bernussou, 2002]

/]
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[Blondel Tsitsiklis, 98+] ) [Lee Dullerud [ParrTs
2006] Jadbabaie Z0%

\ ’

[Rota, Strang, 1964
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Mathematical TCS inspired apunow/IMl oy ications
properties Negative Techniques < Smart



Thanks!
Ads

Questions?

The JSR Toolbox:

http://www.mathworks.com/matlabcentral/fil
eexchange/33202-the-jsr-toolbox

[Van Keerberghen, Hendrickx, J. HSCC 2014] Several open positions:
The CSS toolbox, 2015 raphael.jungers@uclouvain.be

References:
http://perso.uclouvain.be/raphael.jungers/

Joint work with

A.A. Ahmadi ﬁPrmceton) D. Angeli (Imperial), N. Athanasopoulos
(UCLouvaln% G. Dullerud (UIUC), F. Forni (Cambridge) B. Legat UCLouvaln),
P. Parrilo (MIT), M. Philiippe (UCLouvain), V. Protasov SMoscow),
Roozbehani (MIT), R. Sepulchre (Cambridge


http://perso.uclouvain.be/raphael.jungers/
http://www.mathworks.com/matlabcentral/fileexchange/33202-the-jsr-toolbox
http://www.mathworks.com/matlabcentral/fileexchange/33202-the-jsr-toolbox
mailto:raphael.jungers@uclouvain.be

Further results and open problems

This approach naturally generalizes to other problems

Ay j MiN,.-p+ T
S~ A s.t.
< > A PA, = PP,
\/ AgPlﬂg i TQPQ,
Aj AT PA, = 7Py,
F; ~ 0

Optimize on optimization problems!

This framework is generalizable to harder problems
e Constrained switching systems
e Path-complete monotonicity
o Automatically optimized abstractions of cyber-physical systems




Constrained switching sequences

Switching sequences on regular languages

G(V,E) Directed & Labeled e=(vi,vj,k)eE ke{l,---,N}

0(1), 0(2), .-+ admissible if Jdp = {(Uiavj: 0(1))7 (vja vy, 0(2))7 T }

everything f 2 .
C

... abcabcabc ...

e :




Constrained switching sequences

G(V,E) Directed & Labeled €= (v;,v;,k) € E ke {l,---,N}

o(1),0(2),--- admissible if Ip = {(v;,v;,0(1)), (vj,ve,0(2)), ---}

4 -
Stability
limt_mo Ty = llmt_>oo Aa(t—l) PIPR AO’(O):‘UO =0
Vrg € R", Vo (0),0(1),--- € G
- J

Again, one can define a Constrained Joint Spectral Radius (CIJSR),
as the asymptotic worse-case rate of growth of x(t)



Application:
Systems with intermittent dr PO

o =1001...
o(0) =1 x(1) = Ax(0) + Bu(0) Example: Wireless
o(1) =0 x(2) = A*2(0) + ABu(0) control networks
0(2) =0 r(3) = A%2(0) + A2 Bu(0)
g(3)=1

r(4) = A*2(0) + A*Bu(0) + Bu(3)
Often, one can make assumptions on the switching signal

e.g.: The switching signal is constrained by an automaton
Example:

Bounded number of
consecutive dropouts (here, 3) <




Constrained switching and

multinorms

e Problem: stability does not imply the existence of a
contractive norm (no converse Lyapunov theorem)!



Constrained switching and

multinorms
e CJSR as an infimum over sets of norms

O(G[V,E])fﬂM) — 25
p* = ipfst EI{QYD - 0,veV}:V(wl)eEFE,

v 4] QA < 420, Q -
|Agz|; < 7|z,

\V/(’Uf,;,”l]j,k) = E, Vr € R™

7|3

z|4
. N
Theorem: 1
—=pF = P = pE
YAl
. Y,
> )
Corollary: PTAS

. J
[Philippe, Essick, Dullerud, J. 2016]




An interesting bound

Theorem: Consider the LMI bound on the cjsr
([ inf~y

S

P = st.3H{Q, = 0,veV}:V(v,w,l) €EFE,
\ A:ﬂrQwAE = 72QU

1 where r is the spectral radius of
%k k
—\/FP <p<p the adjacency matrix of the
automaton

[Legat J. Parillo, HSCC 201y




Further results and open problems

This approach naturally generalizes to other problems

Ay j MiN,.-p+ T
S~ A s.t.
< > A PA, = PP,
\/ AgPlﬂg i TQPQ,
Aj AT PA, = 7Py,
F; = 0

Optimize on optimization problems!
This framework is generalizable to harder problems
o Constrained switching systems
e Path-complete monotonicity
o Automatically optimized abstractions of cyber-physical systems



Path-complete monotonicity

Replace invariant compact sets by invariant cones:

Stability Monotonicity |

Ay T
o

| Ag . Definition: AQ
N A1 /\
< D
0@ O

_\l Joint work with F. Forni, R. Sepulchre "l



Further results and open problems

This approach naturally generalizes to other problems

Ay A, MiN,.-p+ T
. s.t.
< > AP A, < PP,
\/ AgPlﬂg j TQPQ?
A AT PRA, =< P,
F; — 0

Optimize on optimization problems!

This framework is generalizable to harder problems
e Constrained switching systems
e Path-complete monotonicity

e Automatically optimized abstractions of cyber-physical
systems



Automatically optimized abstractions
of cyber-physical systems
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Conclusmn 2 perspectlve on SW|tch|ng systems

(sensor)
networks
Wireless
' control
- [Gurvits, — : '
[Furstenberg Kesten, 1960] 1995] [Kozyakin, [Daafouz [Rantzer Johansson Bisimulation
199] Bernussou, 2002] 1998] deS|gn
consensus
problems
A ‘ Social/big
[Rota, Strang, 1960] [Blondel Tsitsiklis, 98+] [Lee Dullerud [Parrilo data control
2006] Jadbabaie 2008]
Mathematical TGS inspired lyapunov/LMI  CPS applic.
properties Negative Techniques Ad hoc
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The JSR Toolbox:
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|
Thanks! Questions?
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and design of linear systems with switching delays. IEEE TAC, 2015.

e R. M. Jungers, A. D'Innocenzo and M. D. Di Benedetto. Further results on
controllability of linear systems with switching delays. Proc. of IFAC WC
2014.

e R. M. Jungers, A. D'Innocenzo and M. D. Di Benedetto. How to control linear
systems with switching delays? Proc. of ECC 2014..

e R. M. Jungers, A. D'Innocenzo and M. D. Di Benedetto. Feedback stabilization
of dynamical systems with switched delays. Proceedings of the IEEE
Conference on Decision and Control 2012, Hawai, 2012.
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packet losses. Proc. Of ADHS, Atlanta, 2015.
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http://perso.uclouvain.be/raphael.jungers/

	Slide 1: Path-complete Lyapunov techniques  And open problems 
	Slide 2: Switching systems
	Slide 3: Switching systems
	Slide 4: Outline
	Slide 5: Outline
	Slide 6: Gossip algorithms
	Slide 7: Gossip algorithms
	Slide 8: Gossip algorithms
	Slide 9: Gossip algorithms
	Slide 10: Gossip algorithms
	Slide 11: Gossip algorithms
	Slide 12: Switching systems
	Slide 14: Switching systems
	Slide 17: Outline
	Slide 18: Switching systems stability (a.k.a. JSR computation)
	Slide 20: The CQLF method
	Slide 22: Yet another LMI method
	Slide 23: Yet another LMI method
	Slide 24: Yet another LMI method
	Slide 25: From an LMI to an automaton
	Slide 26: Some examples
	Slide 27: An obvious question: are there other valid criteria?
	Slide 28: Are there other valid criteria?
	Slide 29: Are there other valid criteria?
	Slide 30: Outline
	Slide 31: Further results 1: constrained swiching systems
	Slide 32: Further results 2: equivalent common Lyapunov Function
	Slide 33: Further results 2: equivalent common Lyapunov Function
	Slide 34: Further results 2: equivalent common Lyapunov Function
	Slide 35: Further generalizations (3)
	Slide 36: Outline
	Slide 37: SAMSA Series, Automata, Matrices, Symbolic dynamics, and their Applications
	Slide 39: Standing on Giants shoulders
	Slide 41: Path-complete methods are ‘algorithmic symbolic dynamics’
	Slide 42: Path-complete methods are ‘algorithmic symbolic dynamics’
	Slide 43: Outline
	Slide 44: Conclusion: a perspective on switching systems 
	Slide 45: Ads
	Slide 46: Further results and open problems
	Slide 47: Constrained switching sequences
	Slide 48: Constrained switching sequences
	Slide 49: Application: Systems with intermittent dropouts
	Slide 50
	Slide 51
	Slide 52
	Slide 53: Further results and open problems
	Slide 54: Path-complete monotonicity
	Slide 55: Further results and open problems
	Slide 56: Automatically optimized abstractions of cyber-physical systems
	Slide 57: Outline
	Slide 58: Conclusion: a perspective on switching systems 
	Slide 59: Ads
	Slide 60

