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Trace probability

● Initial distribution ! =	(1 0 0 0)
● Transition matrices

$	(	 ) = 

0 1/4 1/4 1/2
1 0 0 0
1 0 0 0
0 0 0 0

$	(	 ) = 

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1 $	(	 )  + $	(	 ) is stochastic
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Trace (in)equivalence for LMCs

Two initial distributions !!	and !" are trace equivalent
 iff

the probabilities of generating all labelled sequences + ∈ -∗ are 
the same. 

! =	< % & ':& ∈ *∗ > 
Trace equivalence:     ,( ≡ ,)	 iff	 ,(1⃑ = ,)1⃑  for all 1⃑ ∈ ! 
Trace inequivalence: ,( ≢ ,)	 iff	 ,(1⃑ ≠ ,)1⃑  for some 1⃑ ∈ ! 

Known to have polynomial algorithms [Schützenberger, 1961]



Trace inequivalence problem for MDPs

• Memoryless deterministic (MD) strategies
• Memoryless strategies
• General strategies

Given two initial distributions !! 
and !", is there a strategy . such 
that !! and !" are not trace 
equivalent, i.e., !! ≢ !", in the 
induced LMC. 



! =	< %* & ': 4	56	7	898:;<=966	6>;7>9?<,& ∈ *∗ > 
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0! = 0" = V$

Trace inequivalence problem for MDPs



Proof sketch

4! 	− any	MD	strategy	
Α = 4! ∪ 4!"→$: 6	56	7	6>7>9,8	56	7B	7Q>5:B	:R	6
S! = {(4!, V)} – a set of vectors, e.g. ' = 	%%$ V ' 

Prove	by	induction
S& is a basis for !'& = 	< %%! &' %%" &( …%%% &) ' ∈ V': & ≤ b >

In the (j+1)th iteration, if 4 ∈ c, 7 ∈ *, d, & ∈ S& such that %% 7 %* & ' ∉< S&+' >
add 4′, 7& 	>:	S&+', where

4, = g4 6 : 	 5R h- ∉ !'&
d 6 : 	:>ℎ9;&569	

4, is an MD strategy



!( =	< %*! &( %*" &) …%*# &+ ': 4, 	56	7	898:;<=966	6>;7>9?<, & = &(&)…&+ ∈ *∗ > 

!) =	< %* & ': 4	56	7	898:;<=966	6>;7>9?<,& ∈ *∗ > 

,( ≢ ,)	 iff	 ,(1⃑ ≠ ,)1⃑  for some 1⃑ ∈ !) 

!- =	< %* & ': 4	56	7B	%C	6>;7>9?<,& ∈ *∗ > 

A polynomial algorithm to compute 
3% = { .&, 6 , .!, +! , .", +" , … }	a basis of 0! where each .'  is MD

0! 	⊇ 0" ⊇ V$ ⊇ V!
0! = 0" = V$
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Trace inequivalence problem for MDPs is in P (both memoryless and 
general strategies) [Kiefer and T., 2019]

Trace equivalence problem (memoryless strategies) for MDPs is ∃ℝ-
;<=>?@A@ [Kiefer and T., 2019]
 
Trace equivalence problem (general strategies) for MDPs is undecidable 
[Fijalkow, Kiefer and Shirmohammadi, 2020]



Probabilistic bisimilarity inequivalence is easy!

Probabilistic bisimilarity inequivalence problem for MDPs is in P (both 
memoryless and general strategies) [Kiefer and T., 2019, 2022]

Probabilistic bisimilarity problem (memoryless strategies) for MDPs is 
NP-complete [Kiefer and T., 2019]
 
Probabilistic bisimilarity problem (general strategies) for MDPs is 
EXPTIME-complete [Kiefer and T., 2022]
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Thank you!


