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The family R of rational sets of a monoid            is the smallest family that contains all 
singletons and is closed under 
 
     •  union 
 
 
     •  operation of the monoid  

 
     •  Kleene star 
 

A ∈ R, B ∈ R ⟹ A ∪ B ∈ R

A ∈ R, B ∈ R ⟹ A + B = {a + b : a ∈ A, b ∈ B} ∈ R

A ∈ R ⟹ A* = {a1 + … + an : n ∈ ℕ, a1, …, an ∈ A} ∈ R
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Semilinear sets
Rational sets of star height 1

Finite unions of linear sets
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Sets definable  
in Presburger arithmetic

First order theory of (ℕ, + )
=
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𝔸 = { , , , , …}Let be an infinite set of data.

A data vector is a finitely supported vector from ℕd×𝔸

Example: (2 + , 3 + 5 , )

Permutations of        act on data vectors  𝔸

(2 + , 3 + 5 , ) (2 + , 3 + 5 , )↦

A set is orbit-finite if it can be split into finitely many orbits.
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The family R of rational sets of                 is the smallest family that contains all singletons 
and is closed under 
 
     • orbit-finite unions 
 
 
     •  addition 

 
     •  Kleene star 
 

∀i∈I Ai ∈ R ⟹ ⋃
i∈I

Ai ∈ R,

A ∈ R, B ∈ R ⟹ A + B = {a + b : a ∈ A, b ∈ B} ∈ R

A ∈ R ⟹ A* = {a1 + … + an : n ∈ ℕ, a1, …, an ∈ A} ∈ R

(ℕd×𝔸, + )

for any orbit-finite set I
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Example

S = ⋃
a≠b∈𝔸

((a, b) + {(a, 2a)}*)

(2 , + 2 ) ∈ S

(2 , + 2 ) ∈ S

(3 , + 4 ) ∈ S
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Commutative images 
of languages of NRA
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Even for d = 1

r := a

r = = a

( ⋃
a∈𝔸

{2a})
*

↦Open problem: 
is it equality?
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Thank you!


